MATROIDS AND GRAPHS

BY
W. T. TUTTE

1. Introduction. This paper is a sequel to two others, [3] and [4], recently
published in these Transactions. It also uses the definitions and theorems of
[2]. We refer to these three papers as HI, HII and A respectively.

In the original paper on matroids, [6], Hassler Whitney pointed out that
the circuits of any finite graph G define a matroid. We call this the circuit-
matroid and its dual the bond-matroid of G. In the present paper we determine
a necessary and sufficient condition, in terms of matroid structure, for a
given matroid M to be graphic (cographic), that is the bond-matroid (circuit-
matroid) of some finite graph. The condition is that M shall be regular and
shall not contain, in a sense to be explained, the circuit-matroid (bond-
matroid) of a Kuratowski graph, that is a graph with one of the structures
shown in Figure I.

Some of the intermediate results seem to be of interest in themselves.
These include the theory of dual matroids in §2, Theorem (7.3) on regular
matroids, and Theorem (8.4) on the bond-matroids of graphs.

Our main theorem is evidently closely related to the theorem of Kuratow-
ski on planar graphs [1]. This states that a graph is planar (i.e., can be im-
bedded in the plane) if and only if it contains no graph with the point set
structure of a Kuratowski graph. Indeed it is not difficult to prove Kura-
towski’s Theorem from ours, using the principle that a graph is planar if
and only if it has a dual graph, that is if and only if its circuit-matroid is
graphic. However this paper is long enough already and we refrain from add-
ing matter not essential to the proof and understanding of the main theorem.

2. Dual matroids. We define a matroid M on a set M, its flats and their
dimensions as in HI, §1. We call the dimension of the largest flat (M) also
the dimension dM of the matroid. (See HI, §2, for the notation (S)). We
write a(S) for the number of elements of any finite set S. We proceed to give
a definition of the dual of M analogous to the definition of a dual vector space
in terms of orthogonality.

First, in analogy with 4, §4, we define a dendroid of M as a minimal sub-
set D of M which meets every X & M. Then for each a €D there is a point
J(M, D, a) of M such that DNJ(M, D, a) = {a}. Moreover J(M, D, a) is
unique, for if (X, Y)EM, XN\D=VYND={a} and X7V it follows by
Axiom II of the definition of a matroid that there exists Z& M such that
ZC(XVUY)—{e}CSM-D.

(2.1) If aEX E M there exists a dendroid D of M such that X =J(M, D, a).
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Proof. By Axiom I (M —X)U{a} meets every YEM. It thus has a
dendroid D of M asasubset. Buta & D since DNX # . Hence X =J (M, D, a).

(2.2) If D is a dendroid of M then a(D)=dM+-1.

Proof. If D=, then M is a null class and dM= —1. In the remaining
case we enumerate the cells of D as ay, - - -, ax and write So=(M), S;
=(M-— {al, cee, a,-}) (4=1, - - -, k). It is clear that J(M, D, a;) ©.S;; and
s0 ¢;ESiy and S;=(Si.1— {a:}). But dSiy=—1 since DN\S,=g. Hence
dM=dS,=a(D)—1, by HI, (2.3).

(2.3) If M’ is a matroid on M having the same dendroids as M, then
M =M.

Proof. Let D be any dendroid of M and M’, and @ any cell of D. Suppose
a#bEJ(M, D, a). Then (D—{a})U{b} meets every XEM and so con-
tains a dendroid E of M. Clearly b€ E. Since J(M’, D, a) meets E we have
byeJ(M', D, a). We deduce that J(M, D, a)C&J(M’', D, a). Similarly
J(M', D, a)CJ(M, D, a) and therefore J(M, D, a) =J(M’, D, a). The theo-
rem follows by (2.1).

We call two subsets S and T of M orthogonal if a(SNT)#1. We write
L(M) for the class of all non-null subsets .S of M such that S is orthogonal to
every X &M, and M* for the class of all minimal members of L(M).

(2.4) If (X, YYEL(M), a€EXNY and b&X —(XNY), then there exists
ZEL(M) such that b€ ZZ(XUY) — {a}.

Proof. Assume the theorem false for some X, Y, a, b. We construct a
sequence (ag, a1, * * -+, ax) of cells of X\UY and a sequence (T4, - + -, Tx) of
points of M as follows. We put ao=a. If we have determined the cells a; as
far as a,, and b is not among them, we take T,y to be any point of M such
that T, . /N((XJY) — {ao, cee, a,}) has just one cell, ¢ say. This is possible
since (X\JY)— {ao, cee, a,} & L(M), by our assumption. We then write
a,41=c. This construction terminates with the first a; identical with b.

There exists UE M such that & UN(XUY)C {ao, ce e ak}, for exam-
ple U=T;. For each such U let p(U) be the greatest j<k such that a;& U.
Such a j exists since a(UNX)=1. If p(U)>0 we can apply Axiom II to
U and T,w) to prove the existence of U'&M such that b&U'N(XUY)
c {do, cee ak} and p(U") <p(U). Hence we can choose U so that p(U) =0.
But then YEL(M).

(2.5) M* 1s a matroid on M.

Proof. By its definition M* satisfies Axiom I. Suppose (X, Y)&EM*,
aEXNY and bEX —(XNY). By (2.4) there exists Z&EL(M) such that
bEZC(XVY)— {a}. Choose such a Z so that a(Z) is as small as possible.
If Z& M* there exists T&L(M) such that TgZ—{b}. Choose ¢c&T. By
(2.4) there exists Z'€L(M) such that b&Z'C(ZUT) — {c}, which contra-
dicts the definition of Z. Hence Z& M*. Thus M* satisfies Axiom II.

We call M* the dual matroid of M.

If D is a dendroid of M and b& M —D we define K(M, D, b) as the subset
of M consisting of b and each ¢ €D such that b&J(M, D, a).
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(2.6) K(M, D, b)cM*.

Proof. If K(M, D, b) € L(M) choose X &M such that «(XNK(M, D, b))
=1and a(XMND) has the least value consistent with this. Write XN K (M, D, b)
= {c} If e belongs to DX but not to K(M, D, b) we have b&J(M, D, e)
and so ¢ J(M, D, ¢). By Axiom II there exists X'€E M such that c€X’
C(X\UJ(M, D, ¢))—{e}. But then a(X’NK(M, D, b)) =1 and a(X'MND)
<a(XMND), contrary to the definition of X. Since XM D # & we deduce that
¢ED and X=J(M, D, ¢). But c€K(M, D, b). Hence b&J(M, D, ¢)=X and
a(XNK(M, D, b))=2, contrary to the definition of X. We deduce that
K(M, D, b)) EL(M). As no non-null proper subset of K(M, D, b) is orthogonal
to all the sets J(M, D, a) it follows that K(M, D, b) & M*.

(2.7) The dendroids of M* are the complements in M of the dendroids of M.

Proof. Let D be any dendroid of M. Then M —D meets each YE M*,
for no non-null subset of D is orthogonal to all the sets J(M, D, a). But no
proper subset of M —D meets all the sets K(M, D, b). Hence M—D is a
dendroid of M*, by (2.6).

Conversely suppose D’ is a dendroid of M*. Then M —D’ meets each
X &M, for no non-null subset of D’ is orthogonal to all the sets J(M*, D', a).
Hence M has a dendroid D such that DC M —D’, that is D’C M —D. But
M —D is a dendroid of M* by the result of the preceding paragraph. Hence
D'=M-D.

COROLLARY I. IM+dM*=a(M)—2 (by (2.2)).
CoroLrArY II. K(M, D, b)=J(M*, M—D, b) (by (2.6)).
(2.8) (M** = M.

Proof. By (2.7) M and (M*)* have the same dendroids. Hence they are
identical, by (2.3).
For each SC M we have the following identities.

(2.9) M*X S = (M- S>*
(2.10) M* . S = (MXS)*

The notation is that of HII, §3. To prove (2.9) suppose X € M*X.S. Then
X & M*, that is X is orthogonal to each Y& M. Hence X is orthogonal to the
intersection with .S of each YEM and therefore XEL(M-.S). Accordingly
there exists X’ & (M-S)* such that X’ C X. Conversely suppose X' & (M-S)*.
Then X’ is orthogonal to each member of M-S, and therefore to each YEM,
by HII, (3.1). Hence X'€L(M) and there exists X&EM*X.S such that
XCX'. Formula (2.9) now follows by Axiom I. To prove (2.10) we write
M* for M in (2.9), take dual matroids and use (2.8).

Let R denote either the ring of integers or the ring of residues modulo a
prime. Let NV be a chain-group on M over R, as defined in HII, §1. The dual
chain-group N* of N clearly has the property that a(l f| f\] g| )1 for any
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FEN and g&N*. Hence if XEM(N*) there exists YE (M(N))* such that
YCX.

If YE(M(N))* we can write Y=K(M(N), D, b), for suitable D and b5,
by (2.1) and (2.7), Corollary II. We can find dM(NN)+1 linearly independent
chains f, (¢ ED) of N such that |f.,| =J(M(N), D, a), by (2.2). We define a
chain g on M over R such that Igl =Y according to the following rules.

g®) = — II fula),

a€eD

glo) =) II fa(a), (c € D).

a€D—{c}

It is easily verified that
2 fe)gle) = 0

eeEM
if f is any of the chains f,. Hence the relation is true for each fE N, since each
such chain is linearly dependent on the f,, by HII, (2.4). Hence g& N*. Ac-
cordingly there exists X & M(N*) such that XCV.
Applying Axiom I to the above results we obtain

(2.11) M(N*) = (M(N))*.

(2.12) The dual of a binary (regular) matroid is binary (regular).

The terminology here is that of HII, §1. The theorem is a consequence of
(2.11) and A, (5.1).

3. Minors. Let M be any matroid on a set M. Then if TCSC M we have
the following identities.

(3.1) MXS)XT=MXT,
(3.2) (M-S -T=M - T,
(3.3) M S XT=MMXM-($S—-1) - T,
(3.4) (MXS) - T=M - (M—(S—1T))XT.

Formula (3.1) follows at once from the definition of M X.S in H1I, §3. To
prove (3.2) we write M* for M in (3.1), apply (2.9) and take dual matroids.

To prove (3.3) suppose X & (M-S)XT. Then there exists X'&EM such
that X’N(S—T)=¢ and X’NT=X. But then X’EMX (M —(S—T)) and
there exists YEMX(M—(S—T)))-T such that YCTX'N"T'=X. Con-
versely suppose YE(MX(M—(S—T)))-T. Then there exists Y& M such
that YYM(S—T)= & and Y"NT =Y. Hence there exists X& (M- S) X T such
that XCY'N\T =Y. Now (3.3) follows by Axiom I.

We obtain (3.4) by writing M —(S—T) for S in (3.3).

We refer to the matroids of the form (M XS)-T as the minors of M. By
(3.3) and (3.4) they are also the matroids of the form (M-S)XT. We note
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that M, M-S and M XS are minors of M, for M=(MXM)-M, M-S
=(MXM)-S and MXS=(MXS)-S.

(3.5) Every minor of a minor of M is a minor of M.

(3.6) The minors of M* are the dual matroids of the minors of M.

(3.7) The minors of a binary (regular) matroid are binary (regular).

(3.5) is a consequence of the identities (3.1)-(3.4), and (3.6) is implied by
(2.9) and (2.10). (3.7) follows from HII, (4.3).

A subset S of M is a separator of M if no X € M meets both S and M—S.
We call M connected if it has no separator other than the trivial ones & and
M. We have at once:

(3.8) If S is a separator of M and UCS M, then SNU 1is a separator of
both MX U and M- U.

(3.9) A subset S of M is a separator of M if and only if MXS=M-S.

Proof. Suppose S is a separator of M. If X& M-S there exists X'EM
such that X =X'MS. Then X’ =X since S is a separator, and so X&EMXS.
Conversely suppose X EMX.S. Then XE M and there exists YEM-S such
that YCX. By the result just proved YEM X S and therefore X=Y&M- S,
by Axiom I.

Next suppose S is not a separator of M. Then there exists X &M such
that XMN\S and XN (M —S) are both non-null. There exists Y&EM-S such
that YCXMNS. But then Y&EM, by Axiom I, and so Y&MXS. Hence
MXS#M-S.

We define an elementary separator of M as a minimal non-null separator
of M. It is clear that if M the elementary separators of M are disjoint
and have M as their union. An elementary separator may consist of a single
cell a. This happens when either {a} €M or no point of M includes a. An
elementary separator of M having more than one cell is necessarily a con-
nected flat of M, as defined in HI, §1.

(3.10) The elementary separators of M* are identical with those of M.

This follows from (2.9), (2.10) and (3.9).

4. Circuits and bonds. For convenience we state here some of the funda-
mental definitions of graph theory which were assumed in A.

A graph G is defined by a set E(G) of edges, a set V(G) of vertices, and a
relation of incidence which associates with each edge a pair of vertices, not
necessarily distinct, called its ends. An edge is a link or loop according as its
ends are distinct or coincident. A vertex which is not an end of any edge is
called isolated.

In this paper we suppose E(G) and V(G) both finite. We denote the num-
ber of members of E(G) and V(G) by ai(G) and ay(G) respectively.

A graph H is a subgraph of G if E(H)CE(G), V(H)CV(G) and each
AE€E(H) has the same ends in H as in G. The union of given subgraphs
Gy, - - -, Gy of G is the subgraph H of G such that E(H)=U; E(G;) and
V(H)=U; V(G:). If WS V(G) we write G[W] for the subgraph of G whose
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vertices are the members of W and whose edges are those edges of G which
have both ends in W.

A sequence P =(ag, A1, a1, - - -, Aa, @), having at least one term, is a
path in G from a, to a, if the following conditions are satisfied.

(1) The terms of P are alternately vertices a; and edges 4; of G.

(ii) If 1=j<n then a;; and a; are the two ends in G of 4;.

We call P degenerate if it has only one term, simple if the a; are all distinct,
and re-entrant if ag=a.. We call it circular if it is re-entrant, nondegenerate
and such that the vertices aq, - -+, @, are all distinct.

Clearly if there is any path in G from @, to @, there is a simple path in
G from ag to as.

If (x, y) EV(G) we say x and y are connected in G if there is a path in G
from x to y. The relation of connection is clearly an equivalence relation.
Hence if V(G) is non-null it can be partitioned into disjoint non-null subsets
V1, + + -, Visuch that two vertices are connected in G if and only if they be-
long to the same set V;. The subgraphs G[V;] are the components of G. No
two of them have an edge or vertex in common and their union is G. We write
p0(G) for the number of components of G. We call G a connected graph if
$o(G) =0 or 1. The former case arises only when E(G) and V(G) are both null.
Clearly each component of a graph is connected.

If SCE(G) we define the graphs G- S, G:S and GX S as in A, §2.

Bonds and circuits are defined in A, §2. We write C(G) for the class of all
subsets S of E(G) such that G-S is a circuit of G, and B(G) for the class of all
SCE(G) such that GX.S is a bond of G. Thus SEC(G) if and only if S is
the set of edges of some circular path in G, and SEB(G) if and only if there
are distinct components K and L of G: (E(G)—S) such that each A &S has
one end (in G) a vertex of K and the other a vertex of L.

(4.1) B(G) and C(G) are regular matroids on E(G).

(4.2) B(G)=(C(G)*

These theorems can be proved from the results of 4. In A, §2 it was shown
that there are two regular chain-groups A(G) and I'(G) on E(G) associated
with G (taken with a fixed orientation). By A, (2.4) and (2.7), B(G) and C(G)
are the matroids of A(G) and T'(G) respectively. This proves (4.1). By A,
(5.5), A(G) and T'(G) are dual chain-groups. Hence (4.2) follows by (2.11).

(4.3) dB(G) = ao(G) — po(G) — 1,
(4.4) dC(G) = a1(G) — ao(G) + po(G) — 1.

To prove (4.3) we observe that by formula (2.2) of A the coboundary of
a 0-chain f on G is zero if and only if in each component of G all the vertices
have the same coefficient in f. This implies that the maximum number of
linearly independent chains of A(G) is ao(G) —po(G). (4.3) now follows by
HII, (2.4). We derive (4.4) from (4.3) by using (4.2) and (2.7), Corollary I.
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If T and U are complementary subsets of V(G) we write Q(T, U) for
the set of all edges of G having one end in T" and the other in U. We note that
each SEB(G) is of the form Q(T, U).

(4.5) If A€Q(T, U) there exists SEB(G) such that AcSCQ(T, U).

Proof. We can find S such that A ESCQ(T, U), Sis of the form Q(T”, U’),
and a(S) has the least value consistent with these conditions. Let H be the
component of G[T’] having an end of 4 in G as a vertex. Then H is the only
component of G[T"] having an end of a member of S as a vertex, for other-
wise we would have A EQ(V(H), V(G)— V(H)) CS, contrary to the defini-
tion of S. Similarly only one component of G[U’] has an end of a member of
S as a vertex. It follows that SEB(G).

If SCE(G) we have the following identities.

(4.6) CG - S)=CG) XS,
“.n C(GXS)=CG) - S,
(4.8) B(G - S)=B(G) - S,
4.9) B(G X S) = B(G) X S.
Formula (4.6) follows immediately from the definitions. To prove (4.7)
suppose YEC(GX.S). There is a circular path P=(C,, 41, Cy, - + -, 4z, Co)

in GX.S whose edges A4; are the members of V. We recall that the vertices of
G X.S are components of the graph G: (E(G)—S). For 1 £j<k let x; and y;
be ends in G of 4;, distinct if possible, belonging to C;_; and C; respectively
(Cx=0Cs). In P we replace the first term by x;, the last by a simple path in
the graph C, from y; to %1, and each intermediate C; by a simple path in C;
from v; to x;41. There results a circular path in G. Hence there exists T€ C(G)
such that TMS=Y. Accordingly there exists Z&EC(G) S such that ZC V.
Conversely suppose Z € C(G)-S. Then there is a circular path Q
=(ao, A1, a1, * - +, An, @) in G such that those edges 4; which belong to S
are the members of Z. In Q we delete each edge not in Z and its succeeding
vertex-term. We then replace each remaining term a; by the component C; of
G: (E(G)—S) to which it belongs. There results a re-entrant path Q' in
G X.S whose edges are the members of Z. This must contain a circular path
in GX.S as a subsequence. Hence there exists YEC(GX.S) such that YCZ.
Formula (4.7) now follows by Axiom I.

To prove (4.8) and (4.9) we take dual matroids in (4.6) and (4.7), apply
(2.9) and (2.10), and then use (4.2).

We call a matroid M graphic or cographic if there is a graph G such that
M=B(G) or M=C(G) respectively. By the four identities just proved we
have:

(4.10) The minors of a graphic (cographic) matroid are graphic (cographic).

A complete 5-graph is a graph having just five vertices a;, - - -, a5 and
just ten edges L;; (1 £1<j<5), the ends of L;; being a; and a;. A Thomsen
graph is a graph having just six vertices ai, @z, as, b1, b2, bs and just nine edges
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L;; (1 =(4, j) £3) such that the ends of L;; are a; and b;. Diagrams of these
graphs are given in Figure I, the Thomsen graph being shown on the right.
We refer to the graphs of these two kinds as the Kuratowsk: graphs.

a

Ly In
by b
Ly Ly
o az as
Ly Los
b2

Fic. 1

We can now give a more precise statement of the main theorem of the
paper. The bond-matroid and circuit-matroid of G mentioned in the Introduc-
tion are B(G) and C(G) respectively. The word “contain” used there means
“have as a minor.”

THEOREM. A matroid M 1is graphic (cographic) if and bnly if it is regular
and has no minor which is the circuit-matroid (bond-matroid) of a Kuratowski
graph.

We complete the proof of this theorem in §8.

Following Hassler Whitney [5] we say G is separable if it is not connected
or if there are complementary non-null subsets S and T of E(G) such that
G-S and G- T have only one vertex in common.

A subgraph G- S of G is a separate of G if it is non-null, non-separable, and
such that no component of G: (E(G)—.S) includes more than one vertex of
G-S. (Separates are called “components” in [5]). By this definition a separate
must have at least one edge.

(4.11) Suppose SCE(G). Then G-S is a separate of G if and only if S is an
elementary separator of B(G).

Proof. Suppose S is an elementary separator of B(G). Then G-S is non-
null. Assume G-.S separable. Then there are complementary non-null subsets
U and V of S such that G- U and G-V have at most one vertex in common.
For any YEB(G) XS we have YEB(G)-S =B(G-S), by (3.9) and (4.8).
Hence there are distinct components H and K of (G-S):(S—7Y) such that
each 4 €Y has one end in H and the other in K. Without loss of generality
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we may suppose H includes no common vertex of G- U and G- V. It follows
that H is a subgraph of one of these and hence that ¥ is a subset of U or V.
Thus U is a separator of B(G) XS and therefore of B(G), contrary to the
definition of S. We deduce that G-S is nonseparable.

Assume G:(E(G)—S) has a component L which includes two distinct
vertices x and y of G-S. We can find a simple path P from x to y in G-,
and a simple path Q from y to x in L. By a proper choice of y and P we can
arrange that no vertex in P other than x and y is a vertex of L. Combining
P and Q to form a circular path in G we see that there exists X € C(G) meet-
ing both S and E(G) —S. Hence S is not an elementary separator of C(G).
This is contrary to the definition of S, by (3.10) and (4.2). We conclude that
G- S is a separate of G.

Conversely suppose G- S is a separate of G. Choose 4 €.S and let T be the
elementary separator of B(G) containing 4. Then G- T is a separate of G by
the preceding argument.

Each component of (G-S):(S—(SNT)) is a subgraph of a component of
G:(E(G)—T). It therefore has at most one vertex in common with the sub-
graph G- (SNT) of G-T. Since G-S is nonseparable it follows that no com-
ponent of (G-S):(S—(SNT)) has an edge, that is (SNT)=S. A similar
argument, with S and T interchanged, shows that (SN\T)=7T. Hence S is
the elementary separator T of B(G).

If SCE(G) we call the common vertices of G-S and G- (E(G)—S) the
vertices of attachment of S, and their number the attachment-number w(S) of
Sin G. In a nonseparable graph no non-null proper subset of E(G) has attach-
ment-number 0 or 1.

Suppose SCE(G) and w(S)=2. Let the vertices of attachment of S be
x and y. We construct a graph G’ such that E(G’) =E(G), V(G') =V(G) and
the same incidence relations hold as in G, save only that the incidence with
x and y of members of S is governed by the following rule: if A &S then 4 is
incident with x (y) in G’ if and only if it is incident with ¥y (x) in G. We say
that G’ is obtained from G by reversing S. We can recover G from G’ by revers-
ing S again.

Suppose YEB(G). Then Y=Q(T, U) for suitable complementary sub-
sets T and U of V(G). If x and y belong to the same set T or U we write
T'=T and U’ =U. But if x and y belong to different sets 7 and U we write
T = (T N\ V(G-(EG) — ) U (UN (VG-S) — {xy})) and U
=(UNV(G-(EG)=S))U(TN(V(G-S)—{x, y})). It is readily verified
that in each case Y=Q(U’, V") in G'. Hence there exists Y& B(G’) such that
Y'CY, by (4.5). Similarly for each ¥’ € B(G’) there exists Y€ B(G) such that
YCY'. Hence B(G')=B(G). We thus have:

(4.12) B(G) is invariant under the operation of reversing a subset S of E(G)
such that w(S) =2.

(4.13) If YEB(G) and B(G)-(E(G)—Y) 1s connected there exists a & V(G)
such that Y=Q({a}, V(G)—{a}).
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Proof. G- (E(G)—Y) is nonseparable and therefore connected, by (4.8)
and (4.11). It is thus a component of G:(E(G)—Y). The other component
of this graph including an end of each 4 €Y thus has no edge and only one
vertex, @ say.

5. Convex subclasses of a matroid. The results on convex subclasses of a
matroid M given in HI, §5 need to be supplemented by the following theo-
rems.

(5.1) Let C and C’ be convex subclasses of M and let S be a connected flat of
M having a point of M— C and a point of M —C’ as subsets. Then there exists
a point of (M—C)N(M—C’) on S.

Proof. Assume the theorem false. There are points X and ¥ of M on S
such that X&ECN(M—C’) and YEC'N(M—C). By HI, (5.1), there exists
ZE& M on S such that X\UZ is a connected line of M and ZEM —C. By as-
sumption ZEC’. But there is a point of M other than X and Z on X\UZ, by
HI, (3.2). By the definition of a convex subclass this point must belong to
both M—C and M—C".

(5.2) If M is binary and S is any set of cells of M then the class C of all
XEM such that SCX or XNS= & is a convex subclass of M.

Proof. Let X, Y and Z be the three points on some connected line L of M.
(HII, (2.7)). Suppose (X, Y)&C. Then Z&C, for Z is the mod 2 sum of X
and Y by HII, (2.6) and XN Y#¢ by HI, (3.1).

6. Properties of a matroid at a point. In this section and the next we study
the relation of a point ¥ of a matroid M on a set M to the rest of the matroid.

(6.1) dM- (M - Y)) =dM — 1.

Proof. Choose a€ Y and let D be a dendroid of M- (M — Y). Then DU {a}
meets each X& M. For each b&ED there exists Z,&M-(M —Y) such that
Zy"\D={b}. Hence there exists also X;&M such that X,\D={b}. By
Axiom II we can arrange that a € X, Hence no proper subset of DU{a}
meets each X €M and so D\U {a} is a dendroid of M. The theorem follows by
(2.2).

(6.2) Suppose SCM—Y and d is an integer = —1. Then S is a d-flat of
M- (M-Y) if and only if SJY is a (d+1)-flat of M.

Proof. It is clear that if Sis a flat of M- (M —Y) then S\UVY is a flat of M.
The converse is also true, by HII, (3.1). To complete the proof we observe
that d(M-(M—=Y))XS) =d((MX(SUY))-S)=d(MX(SUY)) -1, by (3.3)
and (6.1).

(6.3) Let S be a connected flat of M- (M —Y). Then either S\JY is a con-
nected flat of M or (M- (M —Y)) XS=MXS.

Proof. Since .S is connected in M- (M — Y) the only possible separation of
the flat SUY of M is {S, Y} (HI, §4). If such a separation exists we have
(M- (M—Y)XS=(MX(SUY))-S=(MX(SUY))XS=MXS, by (3.1),
(3.3) and (3.9).
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From now on we suppose M binary. If ZEM-(M—Y) then YUZ is a
line of M, by (6.2). If it is connected it has just two points other than Z, by
HII, (2.7). Their intersections with Y are complementary non-null subsets
T and U of Y, by HII, (2.6). We call the unordered pair {T, U} the partition
of YV determined by Z. If Y\UZ is not connected its two points (HI, (3.2))
must be Y and Z. In this case we define the partition of ¥ determined by Z as
the unordered pair { ¥, &}.

We say that Z cuts a subset S of Y if it determines a partition { T, U} of
Y such that g CSNT CS.

(6.4) If M is binary the points of M- (M —Y) which do not cut a given sub-
set S of Y constitute a convex subclass of M- (M —Y).

Proof. Let V3, ¥, and Y; be the three points on a connected line L of
M- (M—Y). Suppose Y; and ¥, do not cut S. Then each point of M on the
lines YUY; and YUY, of M either contains S or does not meet S. If X; is
a point on the line Y\UY; of M other than Y there is a line L' of M on X; and
the plane L\U Y which is not on ¥, by HI, (2.4). This meets Y\UY,and YUY,
in distinct points, by HI, (2.2) and (2.5). Hence X; either contains S or does
not meet S, by (5.2). It follows that Y3 does not cut S.

We refer to the elementary separators of M- (M — Y) as the bridges of ¥
in M. A bridge of Y having only one cell is unicellular. If M = B(G) the bridges
of Y correspond to the separates of G-(E(G)—Y), by (4.8) and (4.11). If
M=C(G) they correspond to the separates of GX(E(G)—Y), by (3.10),
(4.2), (4.7) and (4.11). In the Thomsen graph of Figure I for example {Lm}
is a unicellular bridge of the point {Lu, La, Lz, Lss, Lss, Lis} of C(G). It de-
termines the partition { { Ly, Lai, Laa}, { Lss, Lss, Lis} }

Two points Z and Z’ of M- (M —Y) are skew with respect to Y if they
determine partitions {7, U} and {T”, U’} of ¥ such that the intersections
TNT', TMU', UNT’ and UNU’ are all non-null. Two bridges B and B’ of
Y in M are skew if there are points Z and Z’' of M- (M — Y), skew with respect
to Y, such that ZC B and Z'CB’. We also say thata point Zof M- (M —7Y) is
skew to a bridge B of Y in M if there is a point Z’ of M- (M —Y) on B which
is skew to Z.

(6.5) Let By, Be and Bs be distinct bridges of Y in M such that B, is skew to
both By and Bs. Then either there is a point Zy of M- (M —Y) on By which is
skew to both By and B; or there are points Zy and Zs of M- (M —Y) on B, and B;
respectively such that Z., By and Z5 are mutually skew.

Proof. There are points Z, Z¢7, Z3' and Z; of M- (M —Y) on By, Bs, B,
and B; respectively such that Z, is skew to ZJ and Z{’ is skew to Zs. If Z,
and Z; are skew the second alternative of the theorem holds. In the remaining
case Z; and Z, determine partitions {Si, 71} and {S;, Ts} of ¥ such that
Tlf\T3=,®', i.e., TlgS:; and Tg,QSl.

Now Z; cuts Ty, Z3’ cuts T; and B, is a connected flat of M- (M —7Y),
Hence, by (5.1) and (6.4) there exists Z,&M (M —Y) on B; cutting both
Tiand Ts. Then Z, is skew to both Z; and Z;, and therefore to both B; and Bs.
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7. Regular matroids. In HII, §4, we defined geometrical figures of Types
BI and BII. In the main theorem of HII we showed that a binary matroid
is regular if and only if it has no figure of Type BI or BII. We make use of
this theorem in the proofs of (7.1) and (7.2).

We suppose given a regular matroid M on a set M, and some Y& M.

(7.1) Let Z, and Z, be distinct points on a connected line L of M-(M—Y).
Then Zy and Z; are not skew with respect to Y.

Proof. L\UY is a plane P of M, by (6.2). It includes three distinct lines
YUZ, YUZyand Y\UZ;0f Mon Y, where Z; is the third pointof M- (M —Y)
on L.

Assume Z; and Z, skew. They determine partitions {Si, 71} and {S., T}
of Y respectively. There are cells a &SNS, b&ESINTe, c&ET1MNS: and
dET\NT,. The flats (P—{a}), (P—{b}), (P—{c})and (P—{d}) of M are
lines on P which are not on ¥V, by HI, (2.3). It is easily seen that they are
distinct. For example (P — {a}) is the only one which is on the points Z;\JT}
and Z,\UT; of M.

As there are seven distinct lines on P the matroid M has a figure of Type
BI. This is impossible since M is regular.

(7.2) Let Zy, Zy and Z, be points of M-(M —Y) on distinct bridges B,, Bs
and Bj respectively of YV in M. Let Z; determine the partition {S,-, Ti} of
Y (i=1, 2, 3). Then if S; meets both SiN\Sy and T1N\T; it contains one of the
sets SINTs and SeMTh.

Proof. If the theorem is false we can choose K = {a, b, ¢, d, e f, g} M
such that aEZl, b€Z2, 6623, d€S1m52mS3, GETlmszS;;, fESlﬂTg,
gESQf\Tl, fGES;;, gEES3

In the matroid M- (M —Y) the flats Z,\UZ,, Z,\JZ; and Z;\UZ, are lines,
and Z,\UZ,\UZ; is a plane. This follows from the definition of dimension in
HI, §1. Hence YUZ,\UZ,\UZ; is a 3-flat E of M, by (6.2). There are points
of M on E whose intersections with K are {a, d, f}, {a, g, e}, {b, d, g},
{be,f}, {c,frg}, {c,d, e} and {a, b, ¢}. For example (Z,\US)NK = {q, d, f},
and similar verifications may be made for the next five intersections. As for
{a, b, ¢} we observe that Z\JT\CZ\IT\JUZ;IT,CZ\IT\\JZ\IT\JZ;
UT3;CE. Hence Z,\UT1\\UZ,\UT, is a line of M, by HI, (2.2). Its points are
Z,\JT,, Z,\JUT, and their mod 2 sum, Q say. QMK = {a, b, f, g}. Further
Z\IT\JZ,\JT,\JUZ,\UT; is a plane P of M on E. The line (P—{e}) of M
is on the points Z;\UT; and Q. As these distinct points have a common cell f
t{heir m(})d 2 sum, R say, is a third point of M on (P—{e}). But RN\K =

a, b, cy.

Considering the seven intersections with K set out above, we see that
each cell of K occurs in just three of them, and that no two have two cells in
common. Hence given any three cells x, ¥ and z of K we can find a point of
M on E including x but not y or z. It follows that no three of the planes
(E— {x}), (x€K), of M have a common line; we can find a point on any
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two of them which is not on the third. Hence these seven planes on E are
distinct and define a figure of Type BII. This is impossible since M is regular.

If B is any bridge of ¥V in M we define =(M, B, Y) as the class of all
minimal non-null subsets of ¥ which are intersections of points of M X (BUY).

(7.3) The members of =(M, B, Y) are disjoint and their union is Y. More-
over if WE=(M, B, Y) then either W=1Y or there exists ZEM-(M—Y) on B
such that WJIZEMX(BUY).

Proof. Let a be any cell of V. If (M-(M—Y))XB is non-null let U be a
subset of ¥ such that e & U, some ZEM-(M —Y) on B determines the par-
tition { U, Y—U} of ¥, and a(U) has the least value consistent with these
conditions. If (M-(M —Y))XB is null we write U=7Y.

Assume some WE=(M, B, V) satisfies & CWNUCU. Then there exists
XEMX(BUY) such that @ CXNUCU. Clearly X\UY is a connected flat
of MX(BUY). By (5.2) and HI, (5.1), we can find X’EMX(BUY) on
XUYsuchthat @ CX'NUCUand X'\UYisaconnected lineof MX(BUY).
Then, by (6.2), X’ —(X'MY) is a point of M- (M — Y) on B. It determines the
partition { X'NY,Y—(X'NY) } of ¥, and so cutsU. We note that (M-(M—7Y))
X B is non-null and so Z is defined. By (6.4) and HI, (5.1), we can find
Z'EM-(M—Y) on B which cuts U and is such that Z\UZ’ is a connected
line of M- (M —Y). By (7.1) Z’ determines a partition {S, Y—S} of Y such
that SCU. We have a & U— S, by the definition of U. Choose b S.

By (6.2) Y\UZ\UZ' is a plane P of M. The line (P—{b}) of M is on the
points Z\U(Y—U) and Z'\U(Y—.S) of M. Since these are distinct and not
disjoint their mod 2 sum, Q say, is also a point of M on (P — {b} ). But the
mod 2 sum of Z and Z’ is the third point of M- (M —Y) on the line ZUZ’. It
determines the partition {QNY, Y—(QNYV)}={U-S, Y—(U—-S)} of Y.
This contradicts the definition of U.

We deduce from this contradiction that U is itself a member of =(M, B, )
and that it meets no other member. Since ¢ may be any cell of ¥ the theorem
follows.

While discussing the next three theorems we bear in mind that the
minors of M are regular matroids (3.7).

(7.4) Let B be a bridge of Y in M and S a subset of M such that BLUYCS.
Then B is a bridge of YV in M XS, and =(MXS, B, Y)==(M, B, V).

Proof. (M XS)- (S—YV)=(M-(M—Y))X(S—=Y), by (3.4). Hence B is a
separator of (MXS)-(S—7Y), by (3.8). Moreover ((MXJS)-(S—Y))XB
=(M-(M-Y)X(S=Y))XB=(M-(M—Y))XB, by (3.1), and this mat-
roid is connected. Hence B is a bridge of ¥ in M'X.S. Since (M X.S) X (BUY)
=MX(BUY), by (3.1), the theorem follows.

(7.5) Let B be a bridge of Y in M. Let S be a subset of M such that BUYCS
and no Z&EM- (M —Y) is a subset of M—S. Then YEM- S, B is a bridge of ¥
in M-S, and =(M-S, B, Y)==(M, B, V).

Proof. (M-S)- (S—YV)=(M-(M—-Y))-(S—Y) by (3.2). Hence B is a
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separator of (M-S)-(S—Y), by (3.8). Moreover ((M-S)-(S—7Y))-B
=(M-(M-7)) B, by (3.2), and this matroid is connected. Hence B is a
bridge of YVin M-Sif YEM-S.

Suppose some XEMX((M—-S)UBUY) meets M—S. Then, by HI,
(3.1), some ZEM- (M —Y) meets M —.S and satisfies ZC (M —S)UB. But
then ZC M —S, since B is a separator of M- (M —Y), and this is contrary to
the definition of S. We thus have (M-S) X(BUY)=(MX((M—-S)\UBUY))
-(BUY), by (3.3),=(MX(BUY)) - (BUY)=MX(BUY). We note that this
implies Y& M- S. The theorem follows.

(7.6) Let B be any bridge of Y in M. Let S be a subset of M such that
M—YCS. Then SNYEM-S, B is a bridge of SN\Y in M-S, and

=(M-S, B, SN\Y)

s the class of all non-null intersections with S of members of =(M, B, Y).

Proof. There exists Y E M-S such that YYCSNY and Y& M such that
Y'"NS=Y'. But then Y"CVY. Hence Y’'=Y and SNY=Y'EM-S by
Axiom I.

(M-S)- (S—=(SNY)=M-(S—(SNY))=M-(M—Y), by (3.2). Hence B
is a bridge of SN\Y in M- S.

Suppose WE=(M, B, Y) and WNS= . By (7.3) there exists XEM
X(BUY) such that XNY=W. By HII, (3.1), there exists X'&E(M-S)
X (BU(SNY)) such that FCX'NYCTXNSNY=WNS. Hence there ex-
ists We&=(M-S, B, SN\Y) such that W CIWNS.

Conversely, suppose W' E&=(M-S, B, SNY). By (7.3) there exists
X' eM- - S)X(BUSNY)) such that X'M(SNY)=W’'. Hence there exists
XEMX(BUY) such that XN(SNY)=W’. Hence, by (7.3), there exists
WeE=(M, B, Y) such that FCWNSCW’.

The foregoing results, together with (7.3), imply (7.6).

(7.7) Let By and B; be distinct bridges of YV in M. Let Wi&E=(M, By, Y) and
WeEn(M, B, Y) be such that WoC Wi. Let ZEM- (M —Y) on B be such that
ZIW.EM, so that Z\J(Y —W,),=Y’ say, is a point of M. Then B, is a bridge
of Y in M.

Proof. (M- (M—Y"))-Bi=(M-(M—Y))-B,, by (3.2). As this matroid
is connected B, is a subset of a bridge B’ of Y’ in M, by (3.8).

Suppose ZiEM-(M—Y’) on B’ and ZiN\B1# . There exists X&EM
X (B'\UY’) such that XNB’=Z,. By HII, (3.1), there exists Z,EM- (M —7Y)
such that ZyN\B;# & and Z,CXN(M—Y). This implies Z,\B,CZ,. But
B, is a separator of M-(M—Y), and so Z,ZZ,N\B;. Since Z, is on B it
determines a partition {S, T} of Y such that Wo,CW,CT. Since Z,\JUSEM
there exists Zs& M- (M — Y”’) such that Z;C(Z,;JIS)N(M - V') CZ,CZiNB.
Then Z;=Z; by Axiom I, and so Z;C B;. We deduce that B, is a non-null
separator of (M- (M —Y")) XB’, and therefore B;=B’.
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We write 8(M, V) for the number of bridges of ¥V in M. An #n-bridge of
Y in M is a bridge B of ¥ in M such that a(=(M, B, Y)) =n. Two n-bridges
B; and B; of YV in M are equivalent if =(M, By, V) =w(M, B,, V). Two bridges
B, and B, of Y in M overlap if the equation Wi\UW,=7Y is false whenever
WiE=n(M, B, Y) and W.E=(M, B,, YV). For example any two skew bridges
overlap.

(7.8) If M is any regular matroid such that dM =2 then there exists YEM
such that B(M, V) =2.

Proof. Assume the theorem false. Choose Y& M. Then (M, Y)=1 since
dM>0. Thus M —Y is a bridge of ¥ in M.

Choose WE=(M, M—Y, V). There exists Z&EM- (M —Y) determining
the partition { W, Y- W} of ¥V, by (6.1) and (7.3). Then Y\UZ is a line of M,
possibly disconnected, and Z\J(Y—W), =Y’ say, is a point of M. We have
M—(VYUZ)= & since dM>1.

By (6.2) W is a point of M- (M —Y’). Suppose Z’&M-(M—Y’) and
Z’N\Ws= . Then there exists XEM such that Z’=XN\(M—Y’) and so
XN\W=2Z'"\W. Hence WCZ’ since WEr(M, M—Y, Y), and so Z/=W
by Axiom I. Hence W is a separator of M- (M—Y’). But (M—-Y")—-W
=M—-(YUZ)= . Hence B(M, V') =2, contrary to assumption.

(7.9) Let B, and B be overlapping bridges of a point Y of the regular matroid
M. Then either B, and B, are skew with respect to Y or they are equivalent
3-bridges.

Proof. Suppose B; and B, are not equivalent n-bridges. Without loss of
generality we may suppose & CWNW,C W, for some WiE=(M, B,, ¥)
and W,Ex(M, B,;, Y). We can find UE=(M, B,, Y) such that gCU
N(Y—W,) CY— W, For otherwise some U' Ex(M, B;, Y) satisfies Y — W,
CU’, whence U\UW,=7Y, contrary to hypothesis. Thus, by (7.3), there are
points Z; and Z, of M- (M —Y) on By cutting W, and ¥ — W, respectively.
By (5.1) and (6.4) some point of M- (M — Y) on B, cuts both these sets. Hence
B, and B, are skew, by (7.3).

Suppose next that B; and B, are equivalent n-bridges. Then 7 =3 since
the bridges overlap. If >3 we choose distinct members Wy, W,, W5 and W,
of =(M, By, Y)==(M, B,, Y). Applying (5.1), (6.4) and (7.3) as before we
find there exists ZEM - (M —Y) on B, cutting both Wi\UW, and W;UW.,.
We may suppose without loss of generality that Z determines a partition
{S, T} of ¥V such that Wi\\UW,;C.S and W,\UW,CT. A similar argument
shows that some Z/EM- (M —Y) on By cuts both W,\UW; and W,UW,.
Hence B; and B; are skew.

8. Proof of the main theorem. Let G be any graph and Y any point of
B(G). Of the components of G:(E(G)—Y) just two include ends in G of
members of Y. We call these two the end-graphs of ¥ in G.

Let B be any bridge of ¥ in B(G). It is an elementary separator of
B(G) - (E(G)—Y), that is B(G- (E(G)—Y)) by (4.8). Hence G- B is a separate
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of G-(E(G)—7), by (4.11). It follows that G- B is a separate of some com-
ponent H of G:(E(G)—-7Y).

Ifv&€ V(G- B) we write C(B, v) for the component of H: (E(H) — B) having
v as a vertex. We also write Y(B, v) for the set of all 4 € ¥ such that one end
of A in G is a vertex of C(B, v).

We recall that B(G) is regular, by (4.1).

(8.1) If G-B 1s a separate of an end-graph H of YV in G then =(B(G), B, Y)
is the class of all Y(B, v) such that v& V(G- B) and Y(B, v) # &. In the remain-
ing case =(B(G), B, YV) = { Y}.

Proof. Let H be the component of G:(E(G)—Y) having G- B as a sepa-
rate. Suppose X & B(G) X(BUY). We can write X =Q(T, U) for suitable
complementary subsets 7 and U of V(G). If K is a component other than
H of G:(E(G)—Y) then »(K) is a subset of T or U since E(K)NX =g.
Similarly V(C(B, v)) is a subset of T or U for each v& V(G- B). If H is not
an end-graph of Y it follows that XNMY = or Y. We then deduce that
=(B(G), B, V)= { Y}. If H is an end-graph of ¥ we may suppose the vertices
of the other end-graph to belong to U. Then XMY is the union of the sets
Y (B, v) such that y&TNV(G-B). Moreover if v&€V(G-B) and Y(B, v) # S
we can find 4 € Y(B, v) and XEB(G) X(BUY) such that

by (4.5). Then AEGXNYCV(B, v). It follows that =(B(G), B, Y) is the
class of all non-null Y (B, v), as required.

Let M be any regular matroid. We say that a point Y of M is even if the
bridges of ¥ in M can be arranged in two disjoint classes so that no two mem-
bers of the same class overlap. If this arrangement is impossible Y is odd.
Clearly Y is odd if and only if there is a cyclic sequence P = (B, Bs, - - -,
By,11, Bi) of an odd number 2n+1, where =1, of distinct bridges of Y in
M such that each B; overlaps its two neighbours in P. We refer to such a se-
quence as an odd overlap-circuit of Y.

(8.2) In a graphic matroid every point is even.

Proof. Let ¥ be any point of a graphic matroid M. There is a graph G
such that M = B(G). Let the end-graphs of ¥ in G be H and K. We arrange
the bridges of ¥ in M in two disjoint classes T and U so that those cor-
responding to separates of H(K) are in T(U). If ¥ is odd we may suppose
that two distinct members B, and B; of T overlap. Then G-B; and G- B; are
separates of H. There are vertices v of G-B; and v, of G- B, such that G- B
is a subgraph of C(Bi, 1) and G- By is a subgraph of C(Bs, v2). It is clear that
each vertex of H is a vertex of C(By, v1) or C(Bs, v;). Hence Y(By, v1)\J Y (B, v2)
=Y, contrary to the supposition that B; and B, overlap.

(8.3) The circuit-matroids of the Kuratowski graphs are not graphic.

Proof. For the complete 5-graph, as defined in §4, we find by inspection
that ({Lis}, {Las}, {Lss}, {Lu}, {Lss}, {Lis}) is an odd overlap-circuit of
the point {Lm, Ls3, L34, Lys, Lls} of the circuit-matroid. For the Thomsen
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graph ({L}, {Lss}, {La}, {Li2}) is an odd overlap-circuit of the point
{Lu, L21, 'Lzz, L32, L33, L13} of the circuit-matroid. (See Figure I) Hence in
each case the circuit-matroid is nongraphic, by (8.2).

(8.4) Let Y be a point of a connected graphic matroid M such that no two
bridges of YV in M overlap. Then there exists a nonseparable graph G such that
M=B(G) and Y=Q({a}, V(G)—{a}) for some a EV(G).

Proof. There exists G such that M = B(G). We take G to be nonseparable.
This is possible by (4.11) since M=B(G)-E(G)=B(G-E(G)) by (4.8). Let
the end-graphs of Y in G be G; and G.. We suppose G, G; and G, chosen so
that a1(Gs) has the least possible value.

Assume a;(Gs) >0. Then a;(G;) >0. Choose separates G-B; and G- B, of
G: and G, respectively. By and B, are bridges of ¥ in M, by (4.8) and (4.11).
Since they do not overlap there are, by (8.1), vertices v; and v, of G- B; and
G- B, respectively such that

(i) Y(Bl, 111) U Y(Bz, 1)2) = Y.

Keeping B; and v, fixed we consider all possible choices of B; and ;, for which
(i) is true, and we select one for which C(Bi, #1) has the least possible number
of edges.

Let Py, Py, - - -, Py, where Py=Bj, be the sets of edges of the separates
of G, having v, as a vertex. (See Figure II.) For each P; let E; be the sub-
graph of G, which is the union of G-P; and those subgraphs C(P;, x) of G,
such that x& V(G- P;)— {vl}. The graphs E; have the common vertex ;.
But by the definition of a separate no two of them have any other common
vertex. Since G, is connected it is the union of the graphs E;.

By hypothesis we can, for each P;, find a vertex p; of G-P; and a vertex
g; of G- B, such that '

(ii) Y(Pj, pi) Y Y(Bs, q;) = Y.

In accordance with (i) we take p1=v; and g1 =v,.

Since G is nonseparable it follows from (ii) that for each j there is an edge
a; in Y(Bs, ¢;) but not in Y(P;, p,) and an edge b; in Y(P;, p;) but not in
Y(B2r q:i)'

Suppose p;#v,. Considering the edge a;, of which one end is a vertex of
E, other than 7, we find that g;=g¢; =v,, by (ii). But in this case C(P;, p;,) is
a subgraph of C(Bi, #1) having fewer edges than C(B,, v;). This contradicts
the definition of B; and v;. We deduce that p; =y, for each j.

Considering the edge a; we see that ¢; is uniquely determined for each P;.
Let Z; denote the set of all members of ¥ having one end a vertex of E;
other than 9. Then Z; is non-null since it includes a;. By (ii) each member of
Z; has its other end a vertex of C(By, ¢;).

If x&€V(G-B:) we denote by R(x) the subgraph of G formed by taking
the union of C(Bs, x) and those graphs E; for which ¢;=x, and then adjoining
the members of the corresponding sets Z; as new edges.
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For a given x the graph R(x) may have only one vertex. If not the set
E(R(x)) is non-null and its vertices of attachment in G are x and »,. For since
G is nonseparable there are at least two such vertices of attachment, and
x and #, are the only possibilities. Moreover if x and y are distinct vertices of
G- B, then R(x) and R(y) have at most one common vertex (z;) and no com-
non edge. We may therefore reverse all the non-null sets

E(R(x)), x€ V(G- Ba),

without mutual inteference. By (4.12) G is then transformed into another
graph G’ with the same bond-matroid M. Since G’ has no isolated vertices
we have G'- E(G') =G’. Hence G’ is nonseparable, by (4.11). But the trans-
formation replaces G; by an end-graph H of Y in G’ such that E(H) = E(G,)
— B2 C E(G,). This is contrary to the choice of G, G and Go.

We deduce that a;(Gs) =0. The theorem follows.

For any binary matroid M on a set M there is a binary chain-group N
on M such that M=M(N). Any mod 2 sum K of points of M must be the
domain of a chain of N. Hence if K is non-null it must have some point of
M as a subset. We make use of this observation in the proof of the next two
theorems.
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(8.5) Let M be a connected regular matroid on a set M. Let Y be an even
point of M such that B(M, Y) =1 and MX(BJY) is graphic for each bridge B
of Y in M. Then M is graphic.

Proof. If possible choose M and Y so that the theorem fails and a(M)
has the least value consistent with this condition. Then B(M, Y) =2, since
otherwise M=M X (B\UY), where B is the only bridge of ¥ in M, and the
theorem is trivially true.

Since Y is even we can classify the bridges of Y in M in two disjoint
classes U; and U; so that no two members of the same class overlap. Since
B(M, Y)=2 we can arrange that U; and U, are both non-null. These condi-
tions being satisfied we write U; and U, for the unions of the members of
U, and Us respectively.

Let B be any bridge of ¥ in M. As B is not a separator of M it meets
some point of M- (M — V). It must therefore be a connected flat of M- (M —Y).
The matroid MX(BUY) is connected. For otherwise we have M:-B
=(M-(M-Y)) B=(M - (M—-Y))XB=MXB, by (3.2), (3.9) and (6.3),
contrary to the hypothesis that M is connected. From this result it follows
that MX(U;,UJY) is connected (z=1, 2). But MX(U\NJY) is regular, by
(3.7). Further the bridges of ¥ in MX(U,\JY) are the members of U; and
no two of them overlap, by (7.4). Moreover for each B&EU; the matroid
(MX(U;VY)X(BUY) is identical with MX(BUY) and is therefore
graphic. Hence M X (U,\JY) is graphic, by the choice of M.

By (8.4) there exists a nonseparable graph G; and a vertex w; of G; such
that B(G;) = MX (U;\JY) and such that Y=Q({w.}, V(G,) — {w;}) in G..

We may take V(G:) and V(Gs) to be disjoint subsets of some larger set V.
We construct a graph G’ as follows. E(G") =M and V(G') =(V(G)\J V(Gy))
— {wl, wg}. If AEGM—Y the ends of 4 in G’ are its ends in G; or G,, but if
AEY its ends in G’ are its end other than w; in G; and its end other than w,
in G,. (See Figure III.)

From this construction it follows that G’:(M—Y) has just two com-
ponents Hy and H,, H; being the end-graph of Y in G; not including w;. Hence
YEB(G'). We note that U, is a separator of B(G')- (M —Y)=B(G'- (M —Y))
aswellasof M- (M—7).

To change G, into G’ X(U;\JY) we have only to replace w; by H; and
each v&€ V(G;) — {'w,} by the edgeless subgraph of G’ having v as its only ver-
tex, arranging that corresponding vertices in the two graphs are incident
with the same edges. We therefore have B(G') X (U,\JY)=B(G' X (U\JY))
=B(G:))=MX(U;JY), by (4.9). This implies that each B(G') X(U;UY) is
connected and hence that B(G’) is connected.

The mod 2 sum of the three points on any line of a binary matroid is null,
by HII, (2.6). Hence the points of B(G’) expressible as mod 2 sums of points
of M constitute a convex subclass C of B(G’). If B(G') —C is not null there
exists X € B(G") — C such that X\UY is a line of B(G’), by HI, (5.1). Then
X—(XNY) is a point of B(G')-(M—7Y), by (6.2). Since U; and U, are



546 W. T. TUTTE [March

e i
G Gy
b
g
> (2 w2
c <
It
k

N

g

Fic. 111

separators of this matroid we have X€B(G') X(U;\JY), where j=1 or 2.
But then XEM X (U;UY)CM, contrary to the definition of X.

We deduce that each point of B(G’) belongs to C. Hence for each
X E€B(G’) there exists X' & M such that X’CX. A similar argument with M
and B(G’) interchanged shows that for each X’& M there exists X & B(G’)
such that X©X’. Hence M=B(G") by Axiom I. This is impossible, by the
choice of M. The theorem follows.

(8.6) Let M be a regular matroid on a set M such that M is not graphic but
all the other minors of M are graphic. Then M is the circuit-matroid of a Kura-
towski graph.

Proof. Suppose M is not connected. We can find complementary non-null
separators S; and S; of M. There exist graphs G; and G such that B(G:)
=MXS: and B(Gz) =M XS,. We may take V(G;) and V(G.) to be disjoint
subsets of some larger set V. Then G; and G. together constitute a graph G.
We note that S; and S, are separators of B(G).

If XE€B(G) we have XEB(G) XS;=B(G)-S:=B(G-S;)=B(G;)=MXS;,
where 1 =1 or 2. Hence X € M. We find similarly that if X & M then X €B(G).
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Hence M= B(G), contrary to hypothesis.

We deduce that M is connected.

Suppose dM= —1. Then a(M) =0 or 1 since M is connected. We thus
have M =B(G) for some graph G with just one vertex. If a(M)=0, G is
edgeless; otherwise E(G) consists of a single loop.

If dM=0 we have M&EM. Then M= B(G) where G has just two vertices
and each 4 € M is an edge of G incident with both of them.

Suppose dM =1. Then M is a connected line of M. Let its three points be
X1, X2 and X;. Each of these is the mod 2 sum of the others. Hence X1\ X,
NX;=&. But XiNX,, XoMNX; and X3;N\X; are all non-null, by Axiom I,
and their union is M. Let G be a graph with just three vertices vy, v, and v;,
and such that E(G) =M. We take each member of X.N\X; to be incident
with 2; and v; (1=2:<j=<3). It is readily verified that M= B(G).

From the preceding analysis we conlude that dM=2.

LeMMA 1. Suppose YEM and (M, Y)=2. Then Y is odd. Moreover the
bridges of Y in M can be arranged in a single odd overlap-circuit F(M, Y) so
that two bridges overlap only if they are consecutive in F(M, V).

Proof. If YV is even M is graphic by (8.5), contrary to hypothesis. Let
F(M, Y) be an odd overlap-circuit of ¥ with as few terms as possible. Let the
union of its terms be S. By (7.4) Y is an odd point of M X.S. Hence S= M, by
(8.2). Thus F(M, Y) includes all the bridges of ¥ in M. If any two bridges
overlap and are not consecutive in F(M, V) then ¥ has an odd overlap-circuit
with fewer terms than F(M, Y), which is impossible.

LeEMMA 11. Let Y be any odd point of M. Suppose some ZEM-(M—Y) on
a bridge B of Y in M s skew to both neighbours of B in F(M, Y). Then B is uni-
cellular.

Proof. Write S=M—(B—2). Now YUZ is a line of MXS. Hence
ZE(MXS) - (S—Y), by (6.2). Moreover Z determines the same partition of
Y in MXS as in M. Using (7.4) we deduce that Y has an odd overlap-
circuit in MXS obtained from F(M, Y) by substituting Z for B. Hence
S=M, thatis B=Z, by (8.2).

Let Z determine the partition { U, V} =x(M, Z, Y) of Y. Choose aEZ
and write T=M—(Z—{a}). We have YEM T, by (7.5). Now {a} is a
point of (M-T)-(T—Y) and a bridge of Y in M-T. There exists X’'EM-T
such that €X' CZJUEM, by HII, (3.1). There exists X& M such that
XNT=X'. By Axiom I, X=ZUU and so X'=U\U{a}. Hence {a} deter-
mines the same partition { U, V} of Yin M-T as Z does in M. Using (7.5)
we deduce that ¥ has an odd overlap-circuit in M- T obtained from F(M, Y)
by substituting {a} for Z. Hence T= M, thatis B=Z = {a} , by (8.2).

LemMma III. If YEM and (M, Y)Z5, then every bridge of Y in M 1s
unicellular.
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Proof. By Lemma I YV is odd. Let B be any bridge of ¥ in M and let B,
and B; be its two neighboursin F(M, Y). Now B and B, are not equivalent
3-bridges, for otherwise B; and B, would overlap, contrary to Lemma I
Hence B is skew to Bi, and similarly to Bs, by (7.9). But B, and B are not
skew, by Lemma I. Lemma III now follows from (6.5) and Lemma II.

Choose JE M so that B(M, J) has the greatest possible value and a(J)
has the greatest value consistent with this. Since dM =2 such a choice is
possible and «(J)>1 by the connection of M. Moreover B(M, J) =2, by
(7.8). Hence J is odd, by Lemma 1. We can write

F(M) ]) = (Bl) B2' R B?n-‘—l' Bl))

where 7 is an integer =1. When convenient we write B; also as Bijoay1.
Let = be the class of all non-null sets of the form

2n+1

n (Wi))

=1
where W,E=(M, B;, J). Clearly the members of = are disjoint and their
union is J.

LEMMA IV. If UEx, then a(U) =1. Moreover there is an integer ¢ satisfying
1=1=2n+1 such that J— U= W I W1 for some W, E=(M, B;, J) and some
Wi+1€ﬂ(M, Bi+lr J)

Proof. Choose a € U. Now J—{a} EM- (M —{a}), by (7.6). But F(M, J)
is not an odd overlap-circuit of J—{a} in M-(M—{a}), by (8.2). Hence
U= {a}, by (7.6). Further we can find an integer ¢ satisfying 1 £:<2n+41
such that B; and By do not overlap as bridges of J— {a} in M- (M — {a}).
The lemma follows.

LEMMA V. If 1 =12 2n+1 there is no WE=(M, B, J) such that W&,

Proof. Suppose such a W exists. By (7.3) there exists Z&M (M —J) on
B; such that WUWZEeMX (B\JJ). If a(Z)=1 we must have B;=Z. Then
=(M, B;, J) is the partition { W, J—W} of J determined by Z. This is im-
possible, by Lemma I, since it implies that B; overlaps none of the other
bridges.

If a(Z)>1 we write J'=(J—W)UZ. Then all the bridges of J in M
other than B; are bridges of J' in M, by (7.7), and there is at least one other
bridge of J’, meeting W, in M. But this implies (M, J')=ZB(M, J) and
a(J")>a(J), contrary to the definition of J. The lemma follows.

Suppose 7 =2. Then each bridge of J in M is unicellular, by Lemma I1I.
Hence, for each ¢, B;is a point of M- (M —J) determining a partition {Si, Ti}
of J. Moreover S; and T; are both non-null, since consecutive members of



1959] MATROIDS AND GRAPHS 549

F(M, J) overlap. Clearly =(M, B;, J)= {Si, Ti}. Consecutive members of
F(M, J) are skew, by (7.9). We write Si=Siionr1, Ti=Titonta.

Consider a particular bridge B;. By Lemma I we can adjust the notation
so that S;CS; or S;CT; whenever B; is distinct from and not consecutive
with B;in F(M, J). We choose one B; of this kind and arrange, by interchang-
ing S; and T if necessary, that S;CT;. Let By be the first member of the
sequence (Bj, - - -, Biyaan) such that Sp11MN\S;# . Then Siy1 meets both S;
and T, since By, is skew to By. Hence By, is consecutive with B;in F(M, J),
that is k=¢42n—1. Similarly if B; is the last member of the sequence
(Bita, * * +, Bj) such that Si_iMS;= & we find that I=7+2. It follows that
Sy CT; for each B; not consecutive with B; in F(M, J), (h#1).

By the result just proved we can adjust the notation so that S; contains
neither S; nor T; as a subset whenever B; and B, are distinct. Then, by
Lemma I, S;N\S; is non-null if and only if B; and B; are consecutive in
F(M, J).

It follows that the 2n+4+1 sets SiMN\Si (1 £4=2n+41) are distinct mem-
bers of =. We proceed to show that they are the only members of =. Choose
any W&=. By Lemma IV we can write W=S8:MN\S:y1, Si\T i1, T:iMNSiy1 or
TiN\T 4, for some 7 satisfying 1 £7=<2n-+1. In the first case there is nothing
to prove. In the second case we observe that S;_; (or S;;2,) meets S; and is a
subset of T;;;. Hence W is the member S;_1MN\S; (or Siy2nMN\Siy2.41) of =. We
dispose of the third case in a similar way, using S;,. instead of S;_;. In the
fourth case we have S, sCT:N\T..u=W, whence S;;3=W and Lemma V is
contradicted.

If n>2 we write J'=(J—S:)\UB,. Then, by (7.7) JEM and B;, By, - - -,
B,, are bridges of J’ in M. By Lemma I, J’ is odd and so B(M, J') = 5. Hence
B(M, J)=a(M)—a(J'), by Lemma III. But a(J")=a(J)—a(S:%muMSi)
—a(SiNS.) +1<a(J). Hence B(M, J')>a(M)—a(J)=8(M, J), contrary to
the definition of J.

If n=2 we write S¢ﬂ55+1= {Li,i+1} if 1 §’I«§4, and sz'\Sl= {le}
(a(SiMNSiy1) =1 by Lemma IV). We also write B;= {Li,,-+2} if 173, B,
={Lis} and Bs={Lss}. We construct a graph G such that E(G) =M. We
take G to have just five vertices 1, vs, 3, v4 and v, the ends of L;; in G being
v; and v,. Then G is a complete 5-graph and the notation is that used in §4.
We find that M= C(G). To prove this we observe that J and the five sets
B;\US; are points of both M and C(G). Any point X of M is a linear combina-
tion mod 2 of these six. For otherwise some linear combination of points of
M would be a non-null proper subset of J and would have a point of the
binary matroid M as a subset, contrary to Axiom I. Hence X is a mod 2 sum
of points of C(G) and so has a point of the binary matroid C(G) as a subset.
Similarly each point of C(G) has a point of M as a subset. Hence M is C(G),
the circuit-matroid of a Kuratowski graph, by Axiom I.
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In the remaining case n=1 and we can write F(M, J)= (B, B., B;). By
Lemma V, By, By and Bj are not mutually equivalent 3-bridges.

Suppose =(M, By, J) ==(M, By, J)={ W,, Wy, W3}. Then B is skew to
B; and B,, by (7.9). But B; and B; are clearly not skew. Hence B; is unicellu-
lar, by (6.5) and Lemma II. Let it determine the partition {S, T} of J. We
may suppose without loss of generality that WiMS is non-null. Then
WiNSE=. It is a proper subset of W;, by Lemma V. By Lemma IV we may
write, without loss of generality, J—(WiN\S)=TUW,, where 1=1 or 2. (If
J—(WiNS) =SUW,; then J=SUW,, which is impossible since B; and B;
overlap.) But then W3C T, Wy&E=, and Lemma V is contradicted.

By (7.9) we may now suppose that B;, B; and B; are mutually skew.
Applying (6.5) and Lemma II we find that two of them, say B; and B, are
unicellular. Let them determine partitions {Si, T3} and {S,, T:} respec-
tively of J.

Assume =(M, B;, J)={W1, Way « ¢+, Wk}, where £=3.

Suppose S1M\S: is not a subset of any W,;. Then without loss of generality
we may assume it meets both W, and W,. But neither W, nor W, is a subset
of S\IMS,, by Lemma V. By Lemma IV and the overlapping of the three
bridges we have either

J - (SlﬂSzf\ Wl) = T1U T2
or
J—=E1NS.:NWy) =T.UW,,

where x=1 or 2 and 2 £u <k. The first alternative must be ruled out since
it implies SINS: N\ W,y = . Adopting the second we see that W, and W, are
the only members of =(M, B;, J) meeting SiM\S.. Hence W, = W,. A similar
argument, with W, replacing Wi, gives

J - (Slf\ng\ Wz) = TyU W],

where y=1 or 2. We have x#y since otherwise S;_,\JT,=J and B, is not
skew to B,. But this implies W3;C T\ T,,which contradicts Lemma V.

We deduce that S;N\S.;C W; for some 7. Similarly each of the sets SN\ T3,
T:N\Ss and TyN\T; is a subset of some member of w(M, B;, J). Hence, since
k=3, we can adjust the notation so that SiM\S.= Wi, which is contrary to
Lemma V.

The above argument shows that By, By and Bs are all 2-bridges. They are
all unicellular, by Lemma II and (7.9). We write {Ss, T3} for the partition
of J determined by Bs.

Now S; meets either both Si/N\S; and T7N\T; or both SiN\T, and 77N S..
For otherwise .S; would not meet all the sets S;, Ss, 71 and T3, which is im-
possible since Bj, B, and B; are mutually skew by (7.9). Without loss of
generality we suppose S meets both SiMN\S; and T:1/M\T,. We may also assume
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that SNT,C.S;, by (7.2). Hence T3 meets both SiMN\.S; and Ty T, since B;
is skew to B; and B;, and S;"\T,C T3, by (7.2).

Using Lemma IV we write SiMS:MNS;= {Lu}, SINTNS;= {Ln},
TyNToNSs= { Ly}, TINTeNT3= {Ln}, TiNS:N\T3= { Lz} and SiNS;N T
={Ly}. We write also Bi={ Ly}, By={Ls} and By={L;s}. We construct
a graph G such that E(G) = M. We take G to have just six vertices ai, as, as,
b1, b2, b3, the ends of L;; being a; and b;. Then G is a Thomsen graph and the
notation is that used in §4. By an argument like that already used for the
complete 5-graph we find M=C(G). Thus M is the circuit-matroid of a
Kuratowski graph, and the proof of (8.6) is complete.

We establish the main theorem as follows. If M is a graphic matroid it is
regular, by (4.1), and its minors are all graphic, by (4.10). Hence it has no
minor which is the circuit-matroid of a Kuratowski graph, by (8.3). Con-
versely suppose M is a regular matroid having no such minor. Then either
M is graphic or it has a non-graphic minor M, whose minors other than itself
are all graphic, by (3.5). But if the second alternative holds M is the circuit-
matroid of a Kuratowski graph, by (3.7) and (8.6).

To complete the proof we prove the dual of the foregoing result by apply-
ing (2.12), (3.6) and (4.2).

9. Figures and minors. The main theorems of HI and HII deal with
geometrical figures whereas the main theorem of the present paper is ex-
pressed in terms of minors. We now show the relationship between the two
concepts.

By a figure in a matroid M we mean any collection of flats of M which
with S and T includes also (SN\T). The figure of M is the collection of all
flats of M. Two figures, possibly in different matroids, are equivalent if there
is a 1-1 mapping (equivalence) of one onto the other which preserves dimen-
sion and inclusion relations (both ways).

Two cells of a matroid M are equivalent if no X & M contains one but not
the other.

Two matroids M and M’, on sets M and M’ respectively, are isomorphic
if there is a 1-1 mapping f of M onto M’ which maps the points of M onto
the points of M’.

(9.1) Let M and M, be mairoids on sets M and M, respectively, My being
connected and having no two cells equivalent. Then M has a figure equivalent
to that of M, if and only if it has a minor isomorphic with M,.

Proof. Suppose the minor (M XS)-T of M is isomorphic with M, We
apply the theory of HII, §3, as follows. The minor can be written as (M X Z)
-T, where Z is a carrier of (MX.S)-T in M XS. The figure of (MXZ2)-T is
equivalent to that of My, and the (7, Z)-mapping of M X.S maps it onto an
equivalent figure in M X Z, and therefore in M.

Conversely suppose M has a figure F equivalent to that of M, under an
equivalence f. We may assume M, is not a null class since otherwise the
theorem is trivially true. Hence there exists SE F such that f(S) = M,, and
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d=dS=0. Enumerate the (d —1)-flats of Fas Uy, - - -, Us. For each U; we
can find a;E S such that U;=(S— {a,-} ), by HI, §2. We can write the (d—1)-
flat f(U,;) of Mo as (Mo— {bi}) for some b;& M,. Let T be the set of the &
cells a;. Since M, has no two equivalent cells there is a 1-1 mapping g, de-
fined by g(a:) =bi, of T onto M,.

If UEF, then UNT is a flat of (M X.S)-T, by HI, (3.1). Conversely if
W is any flat of (M XS)-T let W’ be the union of the points of MX.S com-
mon to all {S— {a;}) such that a,&ET— W. Then W/EF. It is clear that two
distinct flats of F cannot have the same intersection with 7. For by the
equivalence of F and the figure of M, they can all (except S) be expressed
as geometrical intersections of (d—1)-flats of F. Hence the operation of tak-
ing intersections with T defines an equivalence of F onto the figure of (MXS)
-T. Accordingly g defines an isomorphism of (MX.S)-T and M,.

We can use this result to express the main theorem (4.5) of HII in terms
of minors. For in HII, §4, constructions are given {or matroids whose figures
are of Type BI or BII, and these matroids are connected and have no two
cells equivalent. On the other hand we can state the main theorem of the
present paper as follows: a matroid M is graphic (cographic) if and only if it is
regular and has no figure equivalent to that of the circuit-matroid (bond-
matroid) of a Kuratowski graph.
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